Abstract. We present a new analytical solution for the equation of motion of relativistic electrons in the focus of a high-intensity laser pulse. We approximate the electron's transverse dynamics in the averaged field of a long laser pulse focused to a Gaussian transverse profile. The resultant ponderomotive scattering is found to feature an upper boundary of the electrons' scattering angles, depending on the laser parameters and the electrons' initial state of motion. In particular, we demonstrate the angles into which the electrons are scattered by the laser scale as a simple relation of their initial energy to the laser's amplitude. We find two regimes to be distinguished in which either the laser's focusing or peak power are the main drivers of ponderomotive scattering. Based on this result, we demonstrate how the intensity of a laser pulse can be determined from a ring-shaped pattern in the spatial distribution of a high-energy electron beam scattered from the laser. We confirm our analysis by means of detailed relativistic test particle simulations of the electrons' averaged ponderomotive dynamics in the full electromagnetic fields of the focused laser pulse.
Introduction
Recent technological advances in ultra-intense laser systems facilitate studies of particle dynamics in electromagnetic fields of unprecedented strength [1, 2, 3, 4, 5, 6, 7, 8, 9] . In particular, the dynamics of electrons in such ultra-strong fields has been an area of intense research over the past decades [10] . It was found, however, that except for specific, highly symmetric cases like plane waves [11, 12] , the full electron dynamics cannot be solved in closed analytical expressions. In contrast to these computational challenges, however, fully plane laser waves, on the other hand, cannot be realized experimentally, but a laser always has a finite size, overlaying the transverse oscillations driven by the laser's sub-cycle electromagnetic fields by complex envelope dynamics. Over long interaction times, however, the transverse laser field oscillations, are averaged out, leading, e.g., to an exact cancellation of the electrons' energy gain in plane waves according to the Lawson-Woodward theorem [13, 14] . Hence, in an interaction that is significantly longer than the laser period it is often sufficient to only consider the envelope's effect on the electrons quivering in the laser field. Such, so-called ponderomotive scattering of the electrons was subject of numerous previous publications [15, 16, 17, 18, 19, 20] . In the relativistic regime, a generalized ponderomotive force equation was derived from a Hamiltonian approach [21] with many alternative derivations [22, 23, 24, 25, 26, 27, 28, 29, 30, 31] and experimental confirmation [32, 33] following. These studies were later used in a series of technical and fundamental applications [34, 35] .
Further applications, which are envisaged to be facilitated by a detailed understanding of electron dynamics in realistic laser fields, are reliable metrology schemes for the laser field. In particular, within the topic of ultra-intense laser physics, direct determination of peak intensity is, to date, an unsolved challenge. The typical route for providing this key laser parameter is the combination of three different and distinct measurements: a) pulse energy of the fully amplified, collimated beam; b) pulse duration of a fraction of the collimated beam, typically not at full amplification; and c) focus imaging of typically a not fully amplified and with attenuating elements transported beam. There is a number of shortcomings of this approach: a) does not necessarily yield the energy concentrated within the focus; b) may differ across the beam profile due to radial dispersion and further nonlinear effects [36, 37] . c) is a timeand spectrum-integrated measurement. Due to the previous effects as well as radial group delay and chromatic aberrations [38, 39] , the pulse duration in the focus can be much longer than measured with b) and exhibit time structures varying with the focal position. Hence, the typical procedure yields rather an upper limit of peak intensity.
Atomic effects have been proposed and employed to yield a measure of peak intensity [40, 41, 42] , but were restricted to non-relativistic intensities. At higher intensity, atomic ionization is followed by significant electrodynamic acceleration which can also provide information on peak intensity and focus size [43, 44] . That was implemented at mildly relativistic intensities [45] . Relativistic, intensity-dependent plasma effects like ion acceleration [46, 47, 48, 49] , on the other hand, are not feasible since they are quite sensitive to the temporal contrast of the laser pulse [50, 9] , as the plasma formation prior to the pulse peak strongly affects the energy conversion during the peak. Hence, measurements of laser-scattered electron distributions could be a reasonable alternative, especially when relying on beam profile measurements which are much simpler than spectral measurements.
Most of the proposed schemes, however, made strongly simplified assumptions such as modeling the laser as a plane wave [51, 52] , were focused on numerical simulations [53, 54] or combined the former approaches [55] . Additional insight could be gained from an improved analytical modeling of the electrons' ponderomotive scattering in a more realistic field shape.
Here we present an according analytical treatment of electron dynamics in a focused laser field. Furthermore, we apply it exemplary to studies of laser pulse characteristics to be determined from the spatial distribution of an electron bunch scattered off the laser field. Specifically, we study how the laser pulse amplitude can be read off from the maximal scattering angle of the scattered bunch, i.e. the width of the scattered electron distribution. To this end, we demonstrate that due to ponderomotive effects the electron bunch's transverse distribution after scattering will exhibit a cylindrical symmetry with a transverse size determined by the maximal scattering angle. This maximal scattering angle, on the other hand, is directly linked to the ratio of the laser's peak field strength to the electron bunch's peak energy, as was also found in studies of plane wave laser fields [56, 51, 57, 58] . Provided that the latter is well characterized, as is typically feasible for accelerator bunches, the laser intensity can hence be directly read off. Next to this, it can be expected that the scattering angle additionally depends on the laser's spot size. We comment on such a dependence, which is indeed observed in our simulations and point out a path towards this quantity's measurement from spatial distributions of laser-scattered electron bunches.
The paper is organized as follows. After this introductory chapter, we are going to devote chapter 2 to analytically deriving the formula for a laser-scattered electron's final propagation angle. We will find that two distinctly different regimes exist, which we label focus and amplitude dominated, respectively. We will then discuss each of these regimes separately in chapters 3 and 4, respectively. In chapter 5 we will then present numerical benchmarks and simulations of laser-driven electron bunches to confirm our analytical theory. Finally, we will present some considerations for an experimental implementation in chapter 6 and summarize our findings and conclude in chapter 7.
Derivation of the scattering-angle formula
We are going to consider the scattering of a bunch of electrons (mass m, charge −e < 0) from a long laser pulse of potential A and frequency ω, focused to a Gaussian transverse profile of spot size w 0 . In accordance with typical laser-particle collision setups, we are going to consider the electron bunch to be collimated and to be dilute, such that space charge effects are negligible and we can consider a single test particle. Next, we choose a reference frame in which the laser pulse propagates along the negative direction x and the electron bunch collides head-on with it. And finally, employing units where the speed of light is c = 1, we are going to assume the electron's energy ε to be much larger than the laser-induced momentum gain ma 0 , where a 0 = e 2 A 2 /m 2 is the dimensionless laser amplitude, also implying ε m, indicating highly relativistic electrons. This results in the observation that the electron's longitudinal momentum p along its initial propagation direction will be largely unaffected by the laser pulse. Furthermore, as argued above, under these assumptions sub-cycle electron oscillations are averaged out in long pulses and the electron dynamics can be modeled by the envelope's ponderomotive effect. Hence, the electron's transverse momentum p ⊥ to change according to the relativistic generalization of the ponderomotive force equation averaged over the fast oscillations of the scattering laser field [26] 
where A ⊥ indicate the two transverse components of the laser's vector potential with respect to x , γ 2 = 1 + |p ⊥ + eA ⊥ | 2 + p 2 /m 2 , the overline indicates temporal averaging of the potential's fast oscillations on time scales O (ω −1 ). As stated above, we consider the electrons' initial energy to be the largest energy scale in the scattering, whence the bunch will be scattered only into small angular deflection by the laser, despite the latter being high-power. We can then approximate the slowly oscillating electron energy to be given by γ ≈ 1 + a 2 0 + (ε/m) 2 ≈ const., where we additionally respected that the electron's momentum to be only negligibly affected by the laser compared to its initial energy throughout the scattering. In order to estimate the laser's ponderomotive effect on the electron dynamics according to eq. (1), we need a quantitative model of the laser's perpendicular potential which can be modeled as a Gaussian beam with focal spot radius w 0 , given by [26] A
where w(x ) = w 0 1 + (x /l R ) 2 with l R = πw ⊥,2 perpendicular to the laser's propagation direction, η = ω(t + x ) is the laser phase and for the sake of simplicity we neglect the Gouy phase and the phase factor accounting for wave front curvature. We see that the potential is independent of the laser's azimuthal angle ϕ = p ⊥,2 /p ⊥,1 , such that dp ϕ /dt ≡ 0. Then, due to the potential's cylindrical symmetry it is favorable to express the resulting ponderomotive force in cylindrical coordinates with the laser's focal axis as polar direction x . The ponderomotive force is then expressed as dp
For the above specified head-on collision geometry, the electron's initial momentum components will be given by p ⊥,0 ≡ (0, 0), p ,0 m. Due to dp ϕ /dt ≡ 0 in this configuration the electron momentum's azimuthal angle will remain constant ϕ = const. and the interaction of an initially cylindrically symmetric electron bunch with the laser field will result in a cylindrically symmetric scattering pattern. We can hence confine our analytical analysis to a planar cut through the laser focus containing its focal axis, which we choose to be the x ⊥,1 , x -plane. We note that in our calculations the x ⊥,1 -axis does not necessarily coincide with the laser's polarization axis in case of linear polarization, as the ponderomotive scattering is independent of polarization [26] . To model a bunch we can then consider single electrons initially distributed according to x 0 = (x ,0 , x ⊥,0 , 0), where the perpendicular displacement from the laser axis x ⊥,0 = x ⊥,1 (t 0 ), with t 0 being the initial time, is the impact parameter of conventional scattering theory.
Given that the ultra-relativistic longitudinal momentum will set the largest energy scale in the scattering, we assume the particle's longitudinal velocity to be approximately unaffected by its small radial deflection, whence we can write x (t) ≈ ct, where for the sake of clarity we made c explicit and as boundary condition we chose that the electron will pass through the focal plane at the time origin x (t = 0) ≡ 0. This assumption allows us to significantly simplify the analysis of the electron dynamics, as this assumption implicitly also implies dp /dt ≡ 0 as well as a prescribed temporal evolution of w(x ). Then only the electron's transverse dynamics require a non-trivial solution of Eq. (4). As a further crucial simplification, in that equation we approximate the laser's transverse Gaussian profile by a step function, assuming it to be flat within the beam's radial extent x ⊥ ≤ w(x ) and vanishing outside
We note that by this rough approximation we are going to overestimate the laser's amplitude at least by a factor
75. We furthermore note that it is crucial that this approximation is made only after the gradient in Eq. (1) is evaluated, in order to obtain a non-trivial pre-exponential factor. This preexponential, however, dominates the transverse dynamics for x ⊥ ≤ w(x ). We can then write the differential equation for the electron's transverse position as
i.e., a second order nonlinear differential equation with variable coefficients. Taking into account the presumed time dependence of x = ct this can then be rewritten to
We will now be transitioning to the new variables
In order to evaluate the resulting dynamics, it is instructive to note that τ has an explicit representation in terms of inverse trigonometric functions
In order to decouple the electron and the laser field before scattering completely, we are going to consider t 0 → −∞ such that we find the following asymptotic properties of the rescaled variables (9,10)
Then, with the following differentiation property
we see that in the new variables (9,10) the transverse dynamics are governed by a second order differential equation with constant coefficients
where we put c = 1 again. For this equation it is reasonable to define the frequency parameter
For the solution of Eq. (13) obviously the relative size of the two addends is decisive. Please note here that a 0 , w 0 and l R are experimentally not independent and a 2 0 /w 2 0 can be expressed by the laser pulse' power. Hence for given electron energy ε, the first addend grows only with laser pulse power, whereas 1/l 2 R grows just with spatial focus tightness.
Equivalently, also the ratio of the two terms √ 2a 0 /γ and w 0 /l R is decisive. Respecting that for ε ma 0 , the ratio √ 2a 0 /γ determines an electron's scattering angle θ from the laser field, whereas w 0 /l R gives the divergence angle θ L of a Gaussian laser beam in the farfield (|x | l R , see blue dotted line in Fig. 1 ). Hence, one may distinguish two cases, cf. Fig. 1 : (i) For √ 2a 0 /γ =≤ w 0 /l R the electron will typically be scattered by the laser pulse to angles within the laser's focussing cone, θ ≤ θ L (s. also below). Furthermore, Eq. (13) indicates that in this case (
Since the relation between rescaled transverse position and acceleration in this case is dominated by the focusing of the laser pulse, we term this regime the focus dominated.
(ii) On the other hand, for √ 2a 0 /γ ≥ w 0 /l R , the electron will typically be scattered to angles outside of the laser's focal cone, θ > θ L , and it holds (d 2 ξ ⊥ /dτ 2 )/ξ ⊥ ≥ 0. Based on the same argument as before, the laser pulse power dominates and we term this regime amplitude dominated.
Before we turn to quantitative solutions of Eq. (13) in these two cases, we note that interestingly, under our rough approximations it appears that there exists an equilibrium between the laser's focusing and intensity on the one hand and the electron's initial energy on the other: For a balanced relation w 0 /l R = √ 2a 0 /γ an electron initially propagating parallel to the laser axis will be driven from this propagation state by the strongly simplified second order differential equation
Hence, the electron will experience linear deflection by the laser and, in this case, we read off from Eq. (13) the general solution for the equilibrium transverse displacement
From the boundary conditions t 0 = −∞, x eq ⊥ (t) = x ⊥,0 , v eq ⊥ (t 0 ) = 0 we find the coefficients to be given by α eq ≡ 0, β eq ≡ x ⊥,0 /l R , such that in the equilibrium case the transverse electron dynamics are given by
Since we are interested in the electron's scattering, we need to connect these dynamics to the instantaneous propagation angle θ(t). Since we assumed v = 1 in the above derivation, this angle is numerically equivalent to the electron's transverse velocity
according to the above dynamics. Next, we need to distinguish the following two cases: (1) For an initial transverse displacement x ⊥,0 ≤ w 0 /π it will always be x eq ⊥ (t) ≤ w(x ), i.e., the electron will remain inside the laser's focal volume. In this case the electron's maximal scattering angle will be reached at asymptotic times t → ∞ and be given by
(2) For x ⊥,0 ≥ w 0 /π the electron will leave the laser's focal volume at a maximum propagation time
propagating towards an angle
From the derivative d/dx ⊥,0 θ(t max ) we find that the maximal scattering angle is reached at an initial transverse displacement satisfying the equation
where v := w 0 /x ⊥,0 . While this equation is not analytically solvable, it is always maximized at x peak ⊥,0 ≈ w 0 /2.74, irrespective of the laser spot size w 0 . Inserting this value, together with its defining equation, into (20) , one finds that the maximal scattering angle in the equilibrium case is θ max = θ t max x peak
being slightly out of the laser's focussing cone. Naturally, it has to be assumed that the laser's nontrivial transverse field distribution within the beam will not permit this symmetry to be perfect but for not too tight focusing it might still be approximately observable.
Focus dominated ponderomotive scattering
In the case w 0 /l R = λ/πw 0 ≥ √ 2a 0 /γ what is equivalent to a too low laser power compared to γ, Eq. (13) turns into a harmonic oscillator equation which is canonically solved by
Consequently, the electron's perpendicular coordinate is given by
The constant coefficients in the focus dominated regime of Eq. (23) are again obtained by imposing boundary conditions. Analogously to the above discussion, it is favorable to first impose the assumption of vanishing initial transverse velocity, i.e., that the electron initially propagates along the laser's propagation axis
We hence see that β ≡ 0 is required to fulfill v ⊥ (t 0 ) = 0. In order to fix the prefactor α we need to impose the electrons initial transverse displacement x ⊥ (t 0 ) = x ⊥,0 . Since we chose t 0 = −∞ formally x ⊥ (t 0 ) is undefined. We can, however, circumvent this complication by considering the limit t → t 0 and taking into account arctan(x → −∞) → −π/2 − 1/x as well as sin(x → 0) → x. Then, we find for the electron's perpendicular coordinate at times approaching t 0
Consequently, the free parameter is α = x ⊥,0 /Ω and the transverse electron dynamics are explicitly given by
It is interesting to note that Eq. (17) obviously is the Ω → 0 expansion of this general solution. This could have been expected as the equilibrium condition w 0 /l R = √ 2a 0 /γ precisely translates to Ω ≡ 0, which is superficially divergent in (27) . The electron's transverse velocity is then given by
Analogous to the above discussion, we obtain the electron's propagation angle as a function of time by studying v ⊥ (t). First, it is instructive to compare this angle to the laser's divergence
Any electron scattered into angles θ(t) ≥ θ L will leave the focal volume at some time.
To estimate this time, we note that the ratio of the electron's perpendicular position to the beam's radius to be given by
whence we conclude that, in accordance with the above discussion of the focus dominated regime, the electron will never exit the laser beam for initial displacements smaller than the maximal value
(recall that it always holds Ω ≤ 1 in the focus dominated regime). Consequently, in the focus dominated regime and for electrons staying inside the laser's focal volume for all time, i.e., for x ⊥,0 ∈ [0, w 0 Ω], the final scattering angle θ f can be determined to be
In this equation, the fact that θ f (x ⊥,0 = 0) = 0 is consistent with the well-known fact that when propagating exactly on axis a particle will not experience any ponderomotive scattering due to the potential envelope's radial symmetry around this axis. On the other hand, the fact that the scattering angles are linear in the initial displacement x ⊥,0 is an unphysical artifact of modeling the laser's transverse intensity profile as flat within its beam diameter in Eq. (6) . Including the exponential factor in that equation will most likely introduce a non-trivial x ⊥,0 dependence in Eq. (32) but also complicates Eq. (7) to an exponentially nonlinear second order differential equation. For x ⊥,0 ≥ w 0 Ω, on the other hand, we need to distinguish the cases Ω ≤ 1/2 and Ω > 1/2, respectively. In the former case, the electron will reach its closest approach to the focal boundary w(x ) only for t → ∞. In this case the sine in Eq. (30) will not reach its maximum and x ⊥ (t)/w(x ) hence be a monotonically increasing function of time. Consequently, the electron will only reach its nearest approach to the focal volume's boundary at asymptotic times t → ∞. Hence, in this regime the electron will stay inside the laser focus only if it started at initial transverse displacements smaller than
We can then define a unique time at which the electron leaves the laser's focal region by solving eq. (30) for x ⊥ (t)/w(x ) ≡ 1, resulting in
Consequently, neglecting re-entry into the focal volume, for an electron leaving the laser's focal volume the final scattering angle will not be determined by the limit t → ∞, as the electron will not be accelerated up to that time, but only until t max , according to eq. (34). Hence, the electrons' scattering angle will be given by
max . Inserting (34) into this expression, we find the maximal scattering angle for electrons leaving the focal volume to be given by
where we defined the argument of the trigonometric functions g(x ⊥,0 ) : . We again recognize (20) to be the Ω → 0 expansion of (35) .
Comparing (32) and (35) we see that for Ω ≤ 1/2 at for an initial displacement x ⊥,0 = x max ⊥,0 , right at the boundary between the regimes where an electron stays inside or leaves the laser's focal volume, it holds t max (
Hence, the analytical result predicts a continuous distribution of scattering angles, irrespective of whether the electron leaves or remains inside the focal volume. Furthermore, we can study, whether for a particular initial displacement, there exists a maximum in the scattering angle. To this end, we note that for electrons leaving the focal volume, the scattering angle changes as a function of initial transverse displacement according to
From the above considerations on the domain of g(x ⊥,0 ) we conclude that the prefactor is strictly positive in the regime Ω ≤ 1/2, whence the scattering angle can only exhibit a maximum if the term in brackets vanishes. In analogy to the discussion following Eq. (20) we find that for finite Ω ∈ [0, 1/2] the maximal scattering angle will be determined by the more complicated equation
where we recall v(Ω) = w 0 /x ⊥,0 (Ω). This equation is again not solvable analytically, but we can expect that for small Ω ≤ 1/2 the solution v(Ω) will scale quadratically in Ω at most. Solving the defining equation for v(Ω) we find again a behavior independent of w 0 and the two limits x peak ⊥,0 (Ω = 0) ≈ w 0 /2.74 (s. discussion before (20) and following) and x peak ⊥,0 (Ω = 1/2) = w 0 /2 (s. below) well reproduced (s. fig. 2 ). Analytically, the peak position is well approximated by x peak ⊥,0 (Ω) ≈ w 0 (0.37 − 8 × 10 − 2Ω + 0.64Ω 2 ), i.e., a modified quadratic scaling as conjectured above.
Additionally, it is important to note that for large initial transverse displacements x ⊥,0 → ∞, the exit time diverges as t max → −∞. Inserting this relation into Eq. on the other hand, we see, that for large initial transverse displacements the scattering angle vanishes tan θ f (x ⊥,0 → ∞) = 0. Hence, it appears that for Ω ≤ 1/2 the maximum scattering angle will be reached for initial displacements x ⊥,0 ≈ x max ⊥,0 . For the latter case Ω > 1/2, on the other hand, the electron will reach its maximal approach to the focal boundary at a finite time, and then retreat from it again. As a consequence, the maximal initial transverse displacement at which an electron will still remain inside the laser's focal volume throughout the scattering is given by (31) and (34) will possibly have multiple solutions. Of these we naturally have to consider the earlier time, as we do not wish to consider re-entry into the focal volume. Comparing (32) and (35) we find that in this case of Ω > 1/2 the analytical result does not predict a continuous distribution of scattering angles for varying initial displacements x ⊥,0 but is discontinuous at x max ⊥,0 . To see this, it is sufficient to note that in this regime x max ⊥,0 sin [πΩ] /Ωl R = sin [πΩ] w 0 /l R . On the other hand, the time at which the electron leaves the laser's focal region is finite even for x ⊥,0 = x max ⊥,0 and given by t max (x max ⊥,0 )) = l R tan((1/Ω − 1)π/2). We hence conclude that in the regime Ω > 1/2 the electron will leave the laser's focal volume always at times t max ≤ t max (x max ⊥,0 ). The corresponding scattering angle is given by tan θ t max (x max
Consequently, in this regime the maximal scattering angle will be reached for initial transverse displacements of x peak ⊥,0 = x max ⊥,0 . The derived discontinuous behavior is an artifact of our model assumption to neglect reentry of the electrons into the focal volume. We will see below, however, that the analytical formulas still capture the main qualitative features of the ponderomotive scattering. Furthermore, from evaluating (36) we find that the scattering angle is monotonically decreasing for increasing x ⊥,0 , in contrast to the above case Ω ≤ 1/2, whence it is obvious that the maximal scattering angle to be reached for electrons with initial displacement x ⊥,0 = x max ⊥,0 . Furthermore, it also holds tan θ f (x ⊥,0 → ∞) → 0 even in the regime Ω > 1/2. Next, it is instructive to study the scaling properties of the scattering angles. Since we assumed the electron's initial energy to be the dominating energy scale in the problem, we can always assume a 0 /γ 1 and expand all solutions in this small parameter. We then find Ω ≈ 1 − (a 0 l R /γw 0 ) 2 and hence
for scattering being determined by the focusing. We hence see that the final scattering angle should scale as tan θ f ∼ (a 0 /γ) 2 . We thus see that for lower energies ε and larger amplitudes a 0 the scattering becomes more pronounced, as it has to be. Consequently, the opening angle of the scattered electron bunch can obviously serve to infer information about the scattering laser's intensity. We note that the scaling of the scattering angle with changing w 0 cannot be derived from the above discussion, due to the strongly simplifying assumption of a step-like transverse laser profile, which masks the nature of w 0 as the exponential decay length of the transverse profile.
Amplitude dominated ponderomotive scattering
In the amplitude dominated regime w 0 /l R ≤ √ 2a 0 /γ, in contrast to the discussion of the previous section, Eq. (13) turns into an exponentially accelerated second order differential equation which is canonically solved by
In analogy to the analysis in the focus dominated regime, from imposing boundary conditions on this general solution, the transverse dynamics turn out to be given by
where we recognize the only difference to Eq. (27) to be the hyperbolic sine replacing its trigonometric counterpart. This replacement, however, implies the possibility for unbounded growth of the perpendicular coordinate, whence many physical properties of the solution will change. The electron's transverse velocity in this case is given by
Next, we again wish to establish a connection between the electron's transverse velocity and its scattering angle. We recall again that within the limits of the above derivation the transverse velocity is numerically equivalent to the electron's instantaneous propagation angle v ⊥ (t) = v ⊥ (t)/v (t) = θ(t). In order to estimate the time at which an electron will leave the laser's focal volume, we again consider the electron's perpendicular position in units of the laser beam's radius
Here we note that in the amplitude dominated regime Ω is not bounded but can, in principle, grow arbitrarily large. Hence, the electron will only remain within the laser's focal volume provided
Provided this prerequisite is satisfied, the final scattering angle is given by
Combining Eqs. (43,44) we find that the maximal scattering angles of electrons remaining within the laser's focal volume is reached by electrons with initial transverse displacement x max
and is given by tan θ max f = w 0 /l R , i.e., the laser's divergence angle. This result, however, had again to be expected, as θ L = w 0 /l R is the maximal deflection angle for which an electron can asymptotically remain inside the laser's focal volume.
For x ⊥,0 ≥ x max ⊥,0 , on the other hand, independent of the value of Ω, the electron will leave the laser's focal volume. In close analogy to the discussion connected to Eqs. (34, 35) the maximal propagation time is given by
An electron leaving the laser's focal volume at this time will propagate towards an angle
max . Upon insertion of (45) into this expression we find the maximal scattering angle for electrons leaving the focal volume in the amplitude dominated regime to be formally equivalent to (35) 
albeit with an altered argument of the trigonometric functions in the amplitude dominated regimeg(x ⊥,0 ) :
In analogy to the focus dominated regime from
Analogous to the case Ω ≤ 1/2 in the focus dominated regime, from comparing (44) and (46) we find that in the amplitude dominated regime for an initial displacement x ⊥,0 = x max ⊥,0 , right at the boundary between the regimes where an electron stays inside or leaves the laser's focal volume, it holds tan θ(t max (x max ⊥,0 )) = w 0 /l R = x max ⊥,0 sinh [πΩ] /Ωl R . Hence, the analytical result again predicts a continuous distribution of scattering angles, irrespective of whether the electron leaves or remains inside the focal volume. Repeating the above search for the maximum scattering angle as a function of initial transverse displacement, we find the derivative of (46)
From the above considerations on the domain ofg(x ⊥,0 ) we conclude that in the amplitude dominated regime the maximal scattering angle will be determined by the equation
where we recall v(Ω) = w 0 /x ⊥,0 (Ω). This equation is again not solvable analytically, but since Ω can grow arbitrarily large in the amplitude dominated regime, we can expect that the solution v(Ω) will scale inversely proportional to a hyperbolic trigonometric function converging to a finite value for Ω → 0, a property is particular to the hyperbolic cosine. Solving then the defining equation for v(Ω) we find again a behavior independent of w 0 and the limit x peak ⊥,0 (Ω = 0) ≈ w 0 /2.74 well reproduced (s. fig.  3 ). Analytically, the peak position is well approximated by x peak ⊥,0 (Ω) ≈ w 0 /v(Ω = 0)/ cosh(3.8 × 10 −2 + 1.12 Ω + 2.2 × 10 −2 Ω 2 ), i.e., an inverse hyperbolic cosine with a quadratic argument scaling as conjectured above.
Finally, in contrast to the focus dominated regime, in the amplitude dominated regime we cannot expand the parameter Ω in the ratio a 0 /γ, since in the definition of Ω it is √ 2πa 0 w 0 /γλ ≥ 1. Hence, we could only derive analytical scaling relations in the limit a 0 → ∞, which on the other hand would be in conflict with the initial assumption of γ a 0 , whence we will not consider this limit in this study. 
Numerical benchmarks
In the following we are going to test the analytical predictions of Eqs. (32, 35, 44, 46) by numerical simulations. First, we recall that we modeled the transverse laser profile by a step function. As stated above, this assumption naturally overestimates the laser's energy density inside the focal volume by at least a factor a eff 0 /a 0 0.7, where a eff 0 is the effective laser amplitude. Hence, the resulting constant transverse expulsion of electrons from the laser focus will result in an overestimation of the laser's amplitude, when analyzing the scattered electron bunch's transverse profile. On the other hand, such an overestimation of the laser amplitude is unlikely to change qualitative features of the transverse scattering, but can be modeled as an effective reduction of the parameter a 0 . In order to provide an estimate for the effective reduction, we first study purely ponderomotive scattering of a randomly distributed initial electron bunch from a Gaussian laser focus with fixed parameters according to the full eq. (4). The electron bunch is modeled by 10 4 numerical particles, initially located at a longitudinal position x ,0 = t 0 where t 0 < 0 is the start time of the simulation running until t = −t 0 . The bunch is initially located far away from the laser's focal plane |x ,0 | l R . In transverse direction the electrons will be modeled as randomly distributed in a disk. Finally, we will always consider a laser photon energy of ω = 1.55 eV, corresponding to a wavelength of λ = 800 nm.
We begin by studying a test case in the focus dominated regime, choosing a 0 = 10, ε i = 200m and w 0 = 2.5 µm, resulting in √ 2a 0 l R /(γw 0 ) ≈ 0.7. We will furthermore study an electron disk of initial size x ⊥,0 ≤ 10w 0 , in order to account for scattering of particles that will both stay within and leave the laser's focal volume. First, we study the analytically predicted scattering angles as a function of initial transverse displacement. In fact, we find our above conjecture confirmed that in the focus dominated regime those electrons are into largest angles that are initially at a transverse displacement fig. 4 ).
Next, from a full numerical propagation of the electron trajectories according to Eq. (4) we find that at asymptotic times after the interaction with the laser focus the distribution of transverse velocities, which is equivalent to the distribution of scattering angles, is indeed confined to a circular disk (s. fig. 5 (a) ). The size of that disk, however, is smaller than the theoretical prediction of eq. (32), which we attribute to an effective overestimation of a 0 , as discussed above. To correct for this effect, we fitted the numerically obtained maximal scattering angle to the theoretical prediction of eq. (32) with a prefactor of a 0 as free parameter. From this procedure, we obtained an effective laser amplitude a eff 0 ≈ 0.7a 0 , which upon inserting into eq. (32) yields the numerically obtained value θ max f ≈ 3.9 × 10 −2 rad. In order to simulate the signal on an electron detector, we assume the detector to be placed 20 cm from the laser focus, resulting in a scattered electron bunch radius of approximately 8 mm (s. fig. 5 (b) ). Interestingly, the analytical prediction of the maximal scattering angle θ max f yields a good agreement with the electrons' spatial distribution, indicating that the assumed detector distance of 20 cm is sufficient to have the electrons reach their asymptotic propagation state. Finally, in order to emulate the real signal of a pixelated detector, we binned the electrons into a 32 × 32 array, corresponding, e.g., to CCD pixels of 0.75 × 0.75 mm 2 size, and find that discarding the saturated detector spot in the bunch center there is still a clear bunch boundary discriminable at the analytically predicted cutoff angle (s. fig. 5 (c) ).
Next, we study an exemplary case in the amplitude dominated regime. Specifically, we choose a 0 = 15, γ = 200 and w 0 = 5 µm, resulting in √ 2a 0 l R /w 0 γ ≈ 2.1. We will again consider the electrons to be initially distributed in a disk of initial size x ⊥,0 = 10w 0 . Studying again the analytically predicted scattering angles as a function of initial transverse displacement, we find that in the amplitude dominated regime, as well, those electrons are scattered into largest angles that are initially at a transverse . 6 ). More importantly, we note that even the shape of the numerically simulated electron's scattering angle distribution agrees very well with the analytically derived form, further corroborating our above conjecture that the difference between the model and an experiment can be modeled by an effectively reduced laser peak amplitude.
Also, in analogy to the above discussion, we find that at asymptotic times the transverse electron distribution is confined to a circular disk of opening angle θ max f ≈ 0.11 rad (s. fig. 7 (a) ), larger than the maximal angle obtainable from eq. (44) . Hence, we conclude that as conjectured above, even in the amplitude dominated regime the largest angle scattering is experienced by electrons initially with an initial transverse displacement x peak
. Inserting the corresponding value (46) we obtain tan θ(t max ) ≈ 0.11 in exceptional agreement with the simulated value (s. fig. 7 (a) ). Hence, in the amplitude dominated regime we do not need to consider an effectively reduced peak amplitude. The reason for this is most probably that due to the laser's large amplitude the electrons are deflected already long before they reach the laser's focal plane. Far from the laser's focus, however, its transverse Gaussian shape is less significant, rendering the above approximation of it being a step-function more realistic. Assuming again a detector placed at a distance of 20 cm from the laser focus, we observe the scattered electron bunch radius to be approximately 7 mm (s. fig. 7 (b) ). Again, the agreement between this spatial distribution and the analytical prediction of the maximal scattering angle indicates that at the assumed detector distance the electrons have reached their asymptotic propagation state. Binning the electron distribution again onto a 32 × 32 array we can reconfirm the existence of a clear bunch boundary discriminable at the analytically predicted cutoff angle (s. fig. 7 (c) ). Naturally, it is imperative to test our predictions also beyond the ponderomotive approximation. To this end, we are now going to compare the analytical predictions of the purely ponderomotive effect to a fully numerical simulation of the electron dynamics in the full electrodynamic fields of a Gaussian focused laser. To model such a laser field we use a non-paraxial field approximation [34] . We simulate an electron bunch of 10 particles, initially placed at a longitudinal position x ,0 = 500λ. We begin by testing the predicted scaling laws of the scattering angle. We are again going to study the maximal scattering angles of electrons inside the bunch, which, as demonstrated above, determine the spatial size of the electron bunch's image on a detector, of an electron bunch scattered by the full electromagnetic laser fields of a Gaussian focused laser pulse as functions of different interaction parameters. Studying the maximal scattering angle of an electron with initial energy ε = 200m from a laser pulse with focal spot size w 0 = 2 µm as a function of the laser amplitude a 0 , we observe clear reproductions of the above derived scaling laws θ max f ∼ a 2 0 (s. fig. 8 (a) ). Studying the same scattering for a laser pulse with a 0 = 10 and the same focal spot size w 0 = 2 µm as a function of initial electron energy ε we find the predicted θ max f ∼ ε −2 scaling well reproduced (s. fig. 8  (b) ). In fact, from a fit to the numerical data, we obtain scalings θ f ∼ 0.33(a 0 /γ) 2 (solid lines in figs. 8), in reasonable agreement with the above derived analytical prediction of eqs. (32, 44) , corrected for the reduced laser amplitude.
Next to these scaling laws, we also study the maximal scattering angles as functions of the electrons' initial transverse displacement and laser spot sizes (s. fig. 9 ). We find the analytically motivated conjecture that electrons at x ⊥,0 ≈ w 0 /2 experience the strongest scattering confirmed over a wide range of laser spot sizes. Furthermore, we observe that the for increasing laser spot sizes the maximal deflection angle decreases according to θ f ∼ 1/w 0 . While, as argued above, this scaling cannot be derived from our simplified analytical model, it is easily explained by the observation that according to eq. (4), depending on the electrons' transverse position, they experience radial forces of order dp
2 )]. This force is peaked at x ⊥ ≈ 0.71w(x ). close to its focal plane, where w(x ) ≈ w 0 , but still push electrons to larger x ⊥ before they reach this plane. Hence, we expect electrons to experience the strongest radial deflection which start at x ⊥,0 0.71w 0 . As a consequence, we see that the maximal transverse force close to the focal plane scales as dp ⊥ /dt ∼ 1/w 0 .
Experimental realisation
For an experimental implementation of ponderomotive electron scattering for a reliable a 0 -measurement, the interaction must take place in the amplitude-dominated regime. Otherwise, the scattered electrons would not leave the focusing cone of the laser beam and hit -due to the head-on geometry -the focusing optic of the laser. In the following we will show that for any realistic experimental use, this implies a maximum initial electron energy, determined by the laser power and, as a minor correction, by the focusing strength that can be used. We will also argue towards an optimum electron energy, such that the electrons' scattering angles are sufficiently large for them to significantly separate from the laser cone, facilitating a safe measurement of their scattered profile, reasonably unaffected by the laser's optics.
Assuming the unfocussed laser beam to have a Gaussian profile with waist w beam , the beam size in the focus w 0 is obtained via optics with a focal length f given by w 0 = λf /(πw beam ). It can be shown that d ≈ 3w beam is a useful diameter of the focusing optics (or effective beam diameter). Then, the intensity on the optics' boundary is about 1% of the peak intensity and the laser energy loss due to clipping is also about 1%, which can be considered as negligible. Consequently, from the F-number of the laser focusing F # ≡ f /d we derive the focus spot size to be given by w 0 = 3λF # /π.
Next, the experimentalist's expression of a 0 , derived from the laser intensity I, is a 0 = 0.85 λ µm I 10 18 W/cm 2 .
Using I = P/(2πw 2 0 ) with the laser power P and the above expression for w 0 , one can find 
We now recall from Eq. (13) that the amplitude-dominated case requires √ 2a 0 /γ > w 0 /l R where the Lorentz factor γ was assumed to be constant and to decompose as γ 2 = γ 
setting an upper limit for the initial electron energy. Next, we recall that for the derivation of the scattering angles, see Sec. 2, the constraints were both γ 0 a 0 and γ 0 1, forming a set of lower limits. For typical focusing systems with 2 < F # < 20, the correction due to F # is of percent-level or below and can be neglected. Hence the maximum initial Lorentz factor can be approximated to
which, for relevant multi-TW to PW laser systems, is of the order of γ max 0 ≈ 50 . . . 500. Hence, γ 0 1 can be easily fulfilled without violating Eq. (51). Only for weak laser powers of TW-level or below one would transit from the amplitude-dominated regime to the focus-dominated regime with too shallow scattering angles for detection.
On the other hand, also γ 0 a 0 must hold for the discussed scattering process (regardless the regime), effectively setting the lower limit for γ 0 . Eqns. (50, 51) show that γ max 0 ≈ 3 √ 2F # a 0 . As result, the window for the initial electron energy is given by 
The longer the F-number, the larger the range for γ 0 is: For relatively tight focusing with F # = 2.35, there is just a factor 10 range for γ 0 to be between γ 0 = a 0 and γ 0 = γ max 0
. For F # = 10, the range is already a factor 40 and both conditions γ 0 a 0 and γ 0 < γ max 0 can be easily fulfilled.
We stress, however, that despite this obvious necessity to optimise the interaction parameters, the above studied case used a 0 = 15 and for a loose focusing of F # = 10 already satisfied γ 0 = 200 γ max 0 ≈ 636. The resulting scattering angles were found to be θ peak f ≈ 0.1 > arctan[2/(3F # )] ≈ 0.06, where the arctan expression assumes the optic's mount to add 1/3 of the optic's size to the blocked solid angle. This indicates that the above studied numerical example carries the potential of experimental observation with the electron scattered into angles large enough for them to decouple from required focusing optics.
Conclusion
We have derived a novel solution of the ponderomotive scattering of ultra-relativistic electrons off intense focused laser pulses. We demonstrated and verified numerically that an electron's scattering angle is determined by a simple ratio of the laser's field amplitude to the electron's initial energy. Hence, we could provide simple scaling laws that may possibly allow to read off a focused laser's intensity from the spatial scattering distribution of an externally accelerated electron bunch brought into collision with the laser pulse.
